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Problem Statement

Linear Program
min 𝑐⊤𝑥 
𝑠. 𝑡.  𝐴⊤𝑥 = 𝑑

 0 ≤ 𝑥 ≤ 𝑢

Minimum Cost Flow
Given a directed graph 𝐺,
find flow 𝑥 ∈ ℝ𝐸  that
• minimizes total cost along 

edges 𝑐⊤𝑥
while it
• routes vertex demands 𝑑, 
• subject to edge capacities 𝑢.

Generalizes max 𝑠𝑡 flow.



Space Complexity

Important in streaming, parallel/distributed computing, communication 
complexity, etc.
Goal: flows in subquadratic space

focus

naturally extends

Model of Computation - Streaming
• We cannot store the entire graph.
• Input (i.e., edge set) is given to us one-by-one as a stream of data.
• Multi-pass streaming: algorithm allowed multiple passes through input.
Well studied for bipartite matching but not flow.

Subquadratic in number of vertices. 
Not obvious, since there could be 

quadratically many edges!



Flow in a Streaming Setting

Simpler Problem: Flow size
Return size of max flow after end of 
passes through stream
• [CJWY25]: (1 + 𝜖)-approximate 

with ෨𝑂(𝑛) space and 1 pass
• [RSW18]: undirected exact flow size 

(and min cut) with ෨𝑂(𝑛5/3) space

Our Problem: Flow in every edge
Seems difficult without being able to 
store the graph!

[CJWY25]: Impossible in 𝑜(𝑛2) space

𝑒1

𝑣1, 𝑣2

𝑐1

𝑢1

𝑒2 𝑒3 … 𝑒𝑚

(𝑚 can 
be 
Ω(𝑛2))



Slight Model Change
[CJWY25]: Impossible to encode/store 
approximate max flow in 𝑜(𝑛2) space.

Our Result: you can both represent and compute flows in 𝑂 𝑛1.5 log 1/𝜖  space, 

using ෨𝑂 𝑛  passes through the stream.

How we circumvent this lower bound:
• one extra pass through stream to output the flow

first nontrivial upper bound

𝑒1

𝑣1, 𝑣2

𝑐1

𝑢1

𝑒2 𝑒3 … 𝑒𝑚

(𝑚 can 
be 
Ω(𝑛2))

𝑥1 𝑥2 𝑥3 𝑥𝑚𝑥1, 𝑥2, …



Computing Flows in 
Subquadratic Space



Augmenting Electric Circulations

start with some feasible flow

Min cost flow = original feasible flow + many augmenting circulations



Augmenting Electric Circulations

start with some feasible flow solve an electric circulation problem
• depends on edge costs and current flow
• 0 net demand across vertices (circulation)

Min cost flow = original feasible flow + many augmenting circulations



Augmenting Electric Circulations

solve an electric circulation problem
• depends on edge costs and current flow
• 0 net demand across vertices (circulation)

start with some feasible flow

𝑛 circulations suffice

min cost flow



Space Complexity Analysis

solve an electric circulation problem
• depends on edge costs and current flow
• 0 net demand across vertices (circulation)

start with some feasible flow
𝑂 𝑛  space
(some flexibility in choosing)

𝑛 circulations suffice

min cost flow



Space Complexity Analysis

solve an electric circulation problem
• depends on edge costs and current flow
• 0 net demand across vertices (circulation)
• store the solution in 𝑂(𝑛) space

𝑛 circulations suffice

min cost flow

start with some feasible flow
𝑂 𝑛  space
(some flexibility in choosing)



Storing Electric Circulations

Electric circulations:
𝑓 + 𝑔,

the sum of
• “gradient” flow 𝑔 

that reduces cost
• electric flow 𝑓 

that fixes 
demands

Can be compressed 
to ෨𝑂(1) space 
(details omitted) 

Can be represented by vertex potentials and resistances: 
for 𝑒 = (𝑢, 𝑣)

𝑓𝑒 =
𝜙𝑢 − 𝜙𝑣

𝑟𝑒
.

• 𝜙: store explicitly in 𝑂(𝑛) space
• 𝑟: depends mainly on amount of flow 𝑥𝑒 already on 

this edge. Use previous saved potentials and 
backtrack!



Storing Resistances and Lewis Weights

To ensure 𝑛 circulations we need 
to choose resistances 𝑟 carefully:

𝑟𝑒 = 𝜏𝑒 ⋅
1

𝑥𝑒
2 −

1

𝑢𝑒 − 𝑥𝑒
2

where 
• 𝑢𝑒 is the capacity
• 𝑥𝑒 is the current flow
• 𝜏𝑒 is the Lewis weight of edge 𝑒

𝑥𝑒 = 𝑥𝑒
(0)

+ (𝑔𝑒
1

+ 𝑓𝑒
1

) + (𝑔𝑒
2

+ 𝑓𝑒
2

) + ⋯
Backtrack to find previous 𝑓𝑒, then the one 
before that, etc.

ℓ𝑝 Lewis weight: “importance” of an edge

𝜏𝑒 = 𝜎 𝜏
1
2−

1
𝑝

1

𝑥2
−

1

𝑢 − 𝑥 2
𝐴

𝑒

+
𝑛

𝑚

where 𝜎(𝑀) is the leverage scores of 𝑀:
𝜎 𝑀 𝑒 = 𝑀 𝑀⊤𝑀 −1𝑀⊤

𝑒,𝑒 .



Storing Lewis Weights

[ST04]: Definition and sketching leverage scores of 𝑀:

𝜎 𝑀 𝑒 = 𝑀 𝑀⊤𝑀 −1𝑀⊤
𝑒,𝑒 = ||𝑀 𝑀⊤𝑀 −1𝑀⊤𝜒𝑒||2

2

≈ ||𝑅𝑀 𝑀⊤𝑀 −1𝑀⊤𝜒𝑒||2
2.

where 𝑅 is a log-dimension JL sketch matrix. 

ℓ𝑝 Lewis weight 

(we use 𝑝 = 1 − 1/Θ(log 𝑚))

𝜏𝑒 = 𝜎 𝜏
1
2−

1
𝑝

1

𝑥2
−

1

𝑢 − 𝑥 2
𝐴

𝑒

+
𝑛

𝑚
.

Note that this definition is recursive!

[CP15]: Suffices to start with some 
(possibly bad) approximation 𝑤, then 
iteratively refine:

𝑤 ← 𝑤2/𝑝−1 𝜎(⋅) + 𝑛/𝑚
𝑝/2

Converges in ෨𝑂(1) iterations. 

Start with 1.
Then store ෨𝑂(1) JL 
sketches of the 
leverage scores.

Store in ෨𝑂(1) space!



Summary
𝑛 circulations

min cost flow

• Store starting feasible flow: 𝑂 𝑛  space
• Store 𝑂( 𝑛) electrical flows. Each flow consists of

• Vertex potentials: 𝑂(𝑛) space
• Edge resistances

• 𝜏𝑒: Store JL sketches for weights in 𝑂(1) space
• 𝑥𝑒: Backtrack through previous flows

• Store 𝑂( 𝑛) gradients 𝑔: 𝑂(1) space each



Conclusion

Summary
• First subquadratic space 

calculation of flows
• Circumvents flow lower bounds by 

returning output during the last 
read-through of the input

• First subquadratic communication 
complexity algorithm for flow.

Open
• Further reduce space complexity 

(is 𝑂(𝑛) possible?)
• Reduce number of passes
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